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ABSTRACT
The probability of occurrence of various topological configurations of the 3D null-point recon-
nection in a random magnetic field is studied. It is found that the non-axisymmetrical six-tail
configuration (or “improper radial null”) should play the dominant role; while all other types of
reconnection, in particular, the axially-symmetric fan-like structures (or “proper radial nulls”)
are realized with a much less probability. A characteristic feature of the six-tail configuration
is that at the sufficiently large scales it is approximately reduced to the well-known 2D X-type
structure; and this explains why the 2D models of reconnection usually work quite well.
Subject headings: Magnetic fields — Magnetic reconnection — Sun: magnetic topology
1. INTRODUCTION
It is commonly recognized that reconnection
of the magnetic field lines (Priest & Forbes 2000;
Somov 2012, 2013, and references therein) is of
fundamental importance in the dynamics of vari-
ous astrophysical objects, ranging from planetary
magnetospheres to interstellar medium, as well
as in the laboratory plasmas (e.g., Aulanier et al.
2000, 2007; Shibata et al. 2007; Eyink et al. 2013;
Zhang et al. 2012; Walsh & Ireland 2003; Dumin
2002; Erde´lyi & Ballai 2007; Olshevsky et al.
2013; Malakit et al. 2013; Egedal et al. 2012;
Liu et al. 2013; Graham et al. 2014; Osman et al.
2014; Higashimori et al. 2013; Loureiro et al.
2013; Moser & Bellan 2012).
A classical mechanism of the magnetic recon-
nection assumes its development from the null
(or “neutral”) point, where all components of the
magnetic field B disappear. (There are also some
generalized models of reconnection which do not
involve the null points at all, e.g., as discussed by
Priest et al. 2003; but we shall not consider such
models in the present paper.)
Historically, the study of magnetic reconnection
began from the 2D approximation, where the null
points possessed a universal topology of X-type.
However, starting from the mid 1990’s a consid-
erable attention was paid also to the 3D case,
where more diverse topological configurations are
allowed (e.g., review by Pontin 2011).
In the simplest case of a potential magnetic
field, the structure of field lines in the vicinity of
3D null point can be pictorially presented as a col-
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lision of two oppositely-directed magnetic fluxes
with subsequent outflow in the equatorial plane.
This outflow (or “fan”) can be either axially sym-
metric (which is called the “proper radial null”
according to terminology by Parnell et al. 1996)
or asymmetric (“improper radial null”).
It was implicitly assumed in many works that
the most typical case of the 3D null point, which
can serve as a good initial approximation, is just
the axisymmetric fan-type structure (the proper
radial null). On the other hand, a few recent
papers (Al-Hachami & Pontin 2010; Pontin et al.
2011; Galsgaard & Pontin 2011) posed the prob-
lem of a “generic” 3D reconnection: they per-
formed a numerical simulation of the magnetic
fields whose initial configurations were substan-
tially non-axisymmetric (i.e., represented the im-
proper radial nulls). Unfortunately, it remained
unclear how important are such configurations
from the statistical point of view? In other words,
how often do they appear in a random magnetic
field?
It is the aim of the present paper to provide a
self-consistent calculation of the above-mentioned
probabilities (and, thereby, to give a justification
for reasonable choice of the initial field configura-
tions in studies of the 3D magnetic reconnection).
2. THEORETICAL ANALYSIS
2.1. The Previous Treatments
A commonly-used approach to the analysis of
the magnetic field structure in the vicinity of a
null point is its expansion in Taylor series in the
Cartesian coordinate system, whose origin is taken
immediately in the null point:
Bi =
∑
j
Mij xj , where Mij =
∂Bi
∂xj
∣∣∣∣
x=0
(1)
(e.g., Gorbachev et al. 1988; Parnell et al. 1996,
and references therein). Since the magnetic fieldB
must satisfy Maxwell equations, elements of the
matrix M are mutually related. In general, this
matrix can be described by four independent pa-
rameters; see Eq. (14) in the above-cited paper by
Parnell et al. (1996).
It can be intuitively assumed that the larger is
the number of the parameters involved and the
greater are the domains of their definition, the
larger will be the probability of realization of the
respective field configuration. However, it is not
so easy to justify this conjecture by using the rep-
resentation (1): since elements of the matrix M
are mutually related by Maxwell equations, it is
not clear how one should choose their joint proba-
bility distribution for the parameterization of the
random field.
To get around this obstacle, it is necessary to
use an explicit solution of the relevant field equa-
tions (e.g., in terms of the spherical functions); so
that the respective coefficients can be chosen as
independent random variables. In the present pa-
per, such an approach will be performed for the
case of potential (current-free) magnetic field. A
similar analysis for the non-potential field involves
a more cumbersome mathematics and, therefore,
requires a separate paper.
2.2. Initial Equations
We shall consider random realizations of the po-
tential magnetic field
B = −gradψ , (2)
where the magnetic potential ψ satisfies the usual
Laplace equation:
∆ψ = 0 . (3)
(The potential field approximation is widely used,
for example, in the solar physics, although it may
be less relevant for treating the magnetospheric
reconnection.)
Assuming the origin of spherical coordinate sys-
tem (r, θ, ϕ) to be the spot of reconnection, solu-
tion of equation (3) can be written by the standard
way as
ψ(r, θ, ϕ) =
∞∑
j=0
j∑
m=0
rjψjm(θ, ϕ) , (4)
where
ψjm(θ, ϕ) =
Pmj (cos θ)
[
ajm cos(mϕ) + bjm sin(mϕ)
]
(5)
are the spherical functions, and Pmj are the adjoint
Legendre polynomials. (The terms with negative
powers of r are not taken into account because we
are interested only in the nonsingular solutions.)
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To avoid dealing with the infinite sum, it is conve-
nient to assume that expression (4) is cut off at a
sufficiently large value of j and, therefore, contains
only the finite number of terms N . In other words,
N is the dimensionality of the space of coefficients
ajm and bjm.
If these coefficients are assumed to be random
numbers, then we get a random realization of the
magnetic fieldB. It is a separate problem what are
the reasonable probability distributions for these
coefficients. However, it is important to emphasize
that most of our subsequent results are based only
on the dimensionality of various subsets of the co-
efficients ajm and bjm, which are responsible for
the various kinds of reconnection. Therefore, the
respective conclusions should be valid for any non-
singular probability distributions.
Let us begin to analyze the terms of magnetic
potential (4) with various powers of radius. At
j = 0, we get ψ(0) = a00 = const, which evidently
does not affect any physical results.
Next, at j = 1, the magnetic potential is
ψ(1)= r
{
a10 cos θ
− (1 − cos2θ)1/2[a11 cosϕ+ b11 sinϕ]
}
; (6)
and its substitution into equation (2) results in
B(1)r = −
{
a10 cos θ
− (1 − cos2θ)1/2[a11 cosϕ+ b11 sinϕ]
}
. (7)
Since r= 0 is assumed to be a null point (i.e., all
components of the magnetic field, including Br,
should vanish), we arrive at the requirement:
a10 = a11 = b11 = 0 . (8)
Because of these three constraints, the null point of
any kind will be realized only in a subspace of the
random expansion coefficients ajm and bjm with
dimensionality N− 3 or less.
At j = 2, the magnetic potential is written as
ψ(2)= r2
{
1
2
(3 cos2θ − 1) a20
− 3 sin θ cos θ
[
a21 cosϕ+ b21 sinϕ
]
+ 3 sin2θ
[
a22 cos(2ϕ) + b22 sin(2ϕ)
]}
. (9)
Since we are interested in structure of the mag-
netic field lines rather than in absolute values of
the field, it is convenient to introduce the normal-
ized coefficients (denoted by a single subscript):
am= a2m/a20, bm= b2m/a20, m = 1, 2 . (10)
Then, the magnetic field components take the
form:
B(2)r = −2a20r
{1
2
(3 cos2θ − 1)
−
3
2
sin(2θ)
[
a1 cosϕ+ b1 sinϕ
]
+
+ 3 sin2θ
[
a2 cos(2ϕ) + b2 sin(2ϕ)
]}
, (11a)
B
(2)
θ = −3a20r
{
sin(2θ)
[
−
1
2
+ a2 cos(2ϕ)
+ b2 sin(2ϕ)
]
− cos(2θ)
[
a1 cosϕ+ b1 sinϕ
]}
, (11b)
B(2)ϕ = −3a20r
{
2 sin θ
[
−a2 sin(2ϕ) + b2 cos(2ϕ)
]
+ cos θ
[
a1 sinϕ− b1 cosϕ
]}
. (11c)
2.3. Asymptotic Directions
Following the standard procedures, the equa-
tion of a magnetic field line can be written as
dr
Br/(a20r)
=
r dθ
Bθ/(a20r)
=
r sin θ dϕ
Bϕ/(a20r)
. (12)
Since quantities B
(2)
r /(a20r), B
(2)
θ /(a20r), and
B
(2)
ϕ /(a20r) do not depend on r, in the limit r→ 0
we arrive at the conditions specifying the field
lines passing immediately through the null point :
B
(2)
θ /(a20r) = 0 , B
(2)
ϕ /(a20r) = 0 . (13)
Substitution of the detailed expressions (11b) and
(11c) into (13) gives the following set of algebraic
equations:
sin(2θ∗)
[
−
1
2
+ a2 cos(2ϕ
∗) + b2 sin(2ϕ
∗)
]
− cos(2θ∗)
[
a1 cosϕ
∗ + b1 sinϕ
∗
]
= 0, (14a)
2 sin θ∗
[
−a2 sin(2ϕ
∗) + b2 cos(2ϕ
∗)
]
+ cos θ∗
[
a1 sinϕ
∗ − b1 cosϕ
∗
]
= 0, (14b)
where θ∗ and ϕ∗ are the angles at which the field
line enters (or leaves) the null point.
First of all, it can be easily checked that the
above set of equations is preserved under the
3
n = 8
p < 1<8
n = 4
p4 < 1<
n = 7
p7 = 0
n = 5
p5 = 0
n = 6
p6 1
Fig. 1.— Sketch of the various hypothetical
null points, comprising both the axially-symmetric
fan-like configuration (left) and a few structures
with the finite number of asymptotic directions n
(right).
transformation: θ∗→ pi− θ∗, ϕ∗→ ϕ∗+pi. Conse-
quently, the magnetic field lines passing through
the null point always appear as the oppositely-
directed pairs. So, the geometric structures with
an odd number of tails (e.g., n = 5 or 7 in Fig-
ure 1) cannot exist at all.
Next, let us analyze the particular solutions of
equations (14a) and (14b). The simplest case ev-
idently takes place at a1 = b1 = a2 = b2 = 0 or,
in the original designations,
a2m= 0, b2m= 0, where m = 1, 2 . (15)
Then, these equations are reduced to the simple
condition
sin(2θ∗) = 0 , (16)
which has solutions of the two types:
θ∗ = 0, pi and θ∗ = pi/2 (at any ϕ∗) . (17)
This represents a combination of the polar axis
and a disk in the equatorial plane, i.e., exactly
the axially-symmetric fan-like structure depicted
in the left-hand side of Figure 1. (It is called “the
proper radial null” according to terminology by
Parnell et al. 1996.)
Because of the 4 constraints (15), this structure
seems to be realized in the subspace of coefficients
ajm and bjm with dimensionalityN−3−4 = N−7.
However, it should be born in mind that these
constraints were formulated for the specific situ-
ation when “spine” of the “fan” was oriented ex-
actly along the polar axis of the coordinate sys-
tem used. In general, such fan-like structure can
be rotated in space by two Euler angles, which
effectively removes 2 constraints. So, the dimen-
sionality of the relevant subset of coefficients will
be N − 7 + 2 = N − 5.
Returning to the general case of arbitrary co-
efficients a1, b1, a2, and b2, it can be natu-
rally assumed that the set of two algebraic equa-
tions (14a) and (14b) for two unknown variables
θ∗ and ϕ∗ should have a finite number of solutions
(i.e., the number of asymptotic tails in Figure 1
should be finite). Moreover, as follows from a more
careful mathematical analysis, this number is al-
ways equal to 6 (except for some special subset of
coefficients ai and bi with lower dimensionality).
To prove this fact, it is convenient to reduce the
above-mentioned system of equations to a single
equation for the azimuthal angle ϕ∗:
F (η(ϕ∗), ζ(ϕ∗)) = 0 , (18)
where η = cosϕ∗, ζ= sinϕ∗, and
F (η, ζ) = 4
[
2a2ηζ − b2(η
2 − ζ2)
]
(a1ζ − b1η)
×
[
−
1
2
+ a2(η
2 − ζ2) + 2b2ηζ
]
−
{
4
[
2a2ηζ − b2(η
2 − ζ2)
]2
− (a1ζ − b1η)
2
}
×(a1η + b1ζ) . (19)
Then, if the roots ϕ∗ have been found, the corre-
sponding values of the polar angle θ∗ can be easily
restored from one of equations (14a) or (14b).
Since formula (19) represents a quite complex
polynomial expression, the simplest approach to
resolve our task is just to perform a statistical
simulation: let us generate a sufficiently large
sequence of random coefficients a1, a2, b1, and
b2 (e.g., as a Gaussian distribution with a zero
mean) and then analyze behavior of the func-
tion F (η(ϕ∗), ζ(ϕ∗)) graphically (Figure 2). Sur-
prisingly, it was found that the plot of F inter-
sects the horizontal axis always in 3 points at the
interval ϕ∗∈ [0, pi] (and, consequently, in 6 points
at the interval ϕ∗∈ [0, 2pi]). In fact, a subsequent
careful analysis enabled us to get a rigorous math-
ematical proof of this fact. However, because of
the cumbersome formulas, it will be not presented
here, and we prefer to appeal just to the results
of statistical simulation. Besides, it was estab-
lished that the above-mentioned six solutions of
the equations (14a) and (14b) correspond geomet-
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Fig. 2.— A few examples of the function F (η(ϕ∗),
ζ(ϕ∗)) at the interval ϕ∗∈ [0, pi] at random values
of the coefficients a1, a2, b1, and b2.
rically to the six “tails” which are mutually or-
thogonal to each other.
Therefore, we have found that a generic 3D
null point in the potential field approximation
should have a specific six-tail structure (i.e., pos-
sess 6 asymptotic directions of the magnetic field).
This is because it is realized in the subspace of
coefficients of the random field with dimension-
ality N − 3, i.e., almost in the entire space al-
lowed for the null point by the constraints (8).
All other configurations (in particular, the intu-
itively attractive axially-symmetric fan or more
exotic geometric structures outlined in the old pa-
per by Zhugzhda 1966) should emerge with a much
less probability, because they are realized in the
subsets of coefficients with lower dimensionality.
It is especially important to emphasize that, since
these conclusions are based only on the dimen-
sionality of the relevant subspaces, they should be
valid for any nonsingular probability distribution
of the random-field coefficients. (So, the partic-
ular Gaussian distribution used in the simulation
presented in Figure 2 does not affect the final re-
sult.)
2.4. Structure of the Field Lines
It is important, of course, to discuss a pattern
of the magnetic field lines in the vicinity of the
above-mentioned generic configuration. To avoid
cumbersome formulas, let us consider the simplest
(but completely representative) case a1 = b1 =
b2 = 0, a2 6= 0, which corresponds to the six-tail
structure oriented along the axes of the coordinate
system. Then, equations (14a) and (14b) are sim-
plified to
sin(2θ∗)
[
−
1
2
+ a2 cos(2ϕ
∗)
]
= 0 , (20a)
a2 sin θ
∗ sin(2ϕ∗) = 0 . (20b)
Their solutions are evidently θ∗ = 0, pi and θ∗ =
pi/2, ϕ∗= 0, pi/2, pi, 3pi/2, which correspond just to
the six semiaxes of the coordinate system.
Next, omitting the unessential common multi-
plier a20, expressions (11a)–(11c) for the magnetic
field components are reduced to
Br= −2r
[ 1
2
(3 cos2θ − 1)
+ 3a2 sin
2θ cos(2ϕ)
]
, (21a)
Bθ= −3r sin(2θ)
[
−
1
2
+ a2 cos(2ϕ)
]
, (21b)
Bϕ= 6a2r sin θ sin(2ϕ) . (21c)
As expected, Bθ and Bϕ vanish immediately at
the coordinate axes, while Br changes its sign on
the opposite sides from the origin.
Substituting expressions (21a)–(21c) into (12)
and performing the integration, we can easily find
formulas for the magnetic field lines in three co-
ordinate planes. For example, in the xy-plane
(θ= pi/2) the final result will take the form:
r = C
(∣∣ sinϕ∣∣1−1/(6a2) ∣∣ cosϕ∣∣1+1/(6a2))−1/2,
(22)
where C is an arbitrary constant. Behaviour
of this function has three qualitatively different
regimes, depending on the value of coefficient a2:
(a) If a2<−1/6 or a2 > 1/6, then r→ ∞ both
at ϕ→ 0 and ϕ→ pi/2. This evidently cor-
responds to the field line of hyperbolic type.
(b) If −1/6 < a2 < 0, then r → ∞ at ϕ→ 0
and r → 0 at ϕ → pi/2. This is the field
line of parabolic type with the parabola axis
oriented in x-direction.
(c) If 0 < a2 < 1/6, then r→ 0 at ϕ→ 0 and
r→∞ at ϕ→ pi/2. This is also the field line
of parabolic type but with the parabola axis
oriented in y-direction.
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Fig. 3.— Sketch of magnetic field lines in the
six-tail configuration. Solid (blue) curves repre-
sent the field lines in the horizontal xy-plane; and
dotted (red) curves, in the vertical yz-plane. Field
lines in another vertical plane xz, perpendicular to
the plane of figure, are not shown here; they have
the same hyperbolic structure as in the yz-plane.
As regards the field lines in two other coordinate
planes, they can be shown to have a hyperbolic
structure in cases (b) and (c). Just this situation
is illustrated in Figure 3.
Furthermore, it can be proved that the same
pattern of the field lines can be associated with all
other cases mentioned above just by interchang-
ing the role of various coordinate axes. Using the
terminology adopted in the theory of differential
equations, one can say that the field lines have a
node structure in one of the coordinate planes and
the saddle structure in two other planes.
Let us emphasize that the six-tail arrangement
of the magnetic field lines in the vicinity of a 3D
null point is not a new finding: this configuration
is well known from the earlier works, e.g., Figure 1
in paper by Gorbachev et al. (1988) or Figure 5 in
paper by Parnell et al. (1996)), where it was called
“the improper radial null”. However, it has not
been recognized up to now that just this structure
should play the dominant role in the 3D magnetic
reconnection.
Besides, the previously-used term “improper”
looks somewhat misleading in the case that is ac-
tually the most typical. So, we prefer to call it
“the six-tail configuration”. In fact, the purely
x
y
x
y
x
y
Fig. 4.— Appearance of the axially-symmetric fan
as the intermediate case between two six-tail con-
figurations. Only field lines in the xy-plane are
drawn here; the field lines in the xz- and yz-planes
always remain of the saddle type.
geometric aspects of this structure may be stud-
ied more efficiently by the employment of Taylor
expansion in Cartesian coordinates (1); for more
details, see Section III in the above-cited paper
by Parnell et al. (1996). On the other hand, our
approach, based on the spherical functions, makes
it possible to perform an accurate statistical pa-
rameterization of the random magnetic field and,
thereby, to calculate the respective probabilities.
2.5. Pictorial Illustration
It can be easily understood why probability
of occurrence of the axially-symmetric fan-type
structure (left-hand panel in Fig. 1) should be sub-
stantially suppressed as compared to the six-tail
structure. Really, let us pay attention to the be-
havior of field lines in the xy-plane of Figure 3 and
assume that initially the value of parameter a2
corresponded to the case (c), as depicted in the
left-hand panel of Figure 4. Next, let a2 gradu-
ally decrease and become negative, which refers
to the case (b). From the geometric point of view,
this corresponds to a gradual decrease in curva-
ture of the field lines, and at some instant they
become bent in another direction, i.e., the en-
tire pattern remains parabolic but the parabola
axis jumps by pi/2 (right-hand panel in Figure 4).
Then, the boundary between these two cases is
just the axially-symmetric fan-type structure, de-
picted in the central panel, which is realized at
a2= 0.
In other words, there are infinitely many six-
tail configurations of types (b) and (c) but only
one intermediate axially-symmetric fan-type con-
figuration. So, the probability of its realization
should be extremely small. (This picture is quite
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similar to Figure 2 by Priest & Titov 1996, who
used the magnetic field parameterization in Carte-
sian coordinates.)
2.6. Reduction to Quasi-2D Geometry
Returning to Figure 3, attention should be paid
to the fact that six asymptotic directions of the
magnetic field are quite different from each other.
Namely, four of them (y, −y, z, and −z) can be
called “dominant”, because most of the field lines
tend to approach one of these directions when they
go away from the null point. On the other hand,
two other asymptotic directions (x and−x) should
be called “recessive”, because most of the field
lines tend to depart from them. Therefore, the
recessive directions will be “lost” when observed
from a large distance, and the entire pattern will
look like a classical 2D X-point. This fact can ex-
plain why the 2D models of magnetic reconnection
usually work rather well.
For example, Masson et al. (2009) performed a
numerical simulation of the solar flare presumably
caused by a single null point and have found that
the respective 3D reconnection actually proceeds
in the quasi-two-dimensional slabs. The same re-
duction to a quasi-2D configuration was observed
very clearly in our numerical simulations of bifur-
cation of the 3D null points in the solar atmo-
sphere (Dumin & Somov 2015, in preparation).
3. CONCLUSIONS
We have calculated the probability of occur-
rence of various kinds of the 3D null points in a
random magnetic field and studied the structure
of field lines in their vicinity. As a result, it was
found that:
1. Contrary to the intuitive expectations, the
most likely case of the 3D null point, re-
sponsible for the magnetic reconnection, is
the specific six-tail structure (or “the im-
proper radial null”, according to terminol-
ogy by Parnell et al. 1996).
2. All other kinds of the 3D null points, in
particular, the intuitively attractive axially-
symmetric fan (or “proper radial null”) are
realized with much less probabilities, as
schematically summarized in Figure 1.
3. At the sufficiently large distances, the
generic six-tail structure is approximately
reduced to a quasi-2D configuration of the
well-known X-type, which explains why the
2D approach is often a good approximation
for the magnetic reconnection. Therefore,
it may be conjectured that the specific 3D
effects should be important, first of all, in
the small-scale magnetic reconnection events
(e.g., in the solar micro- and nano-flares).
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